Momentum sum rule in QCD is widely used at high energy colliders. Although the exact form of the confinement potential energy is not known but the confinement potential energy at large distance r can not rise slower than ln(r). In this paper we find that if the confinement potential energy at large distance r rises linearly with r (or faster) then the momentum sum rule in QCD is violated at the high energy colliders if we consider the hadron size as infinite. For finite size hadron we find that the momentum sum rule in QCD is violated at the high energy colliders for any form of the confinement potential energy.
I. INTRODUCTION
After the discovery of the asymptotic freedom [1] in the renormlized QCD [2] there has been lot of progress in the perturbative QCD (pQCD) calculation of the partonic scattering cross section at the high energy colliders. In spite of this success, the partonic scattering cross section we calculate in the renormalized pQCD is not a physical observable because we do not directly experimentally measure partons but we experimentally measure hadrons. This is because partons are confined inside hadrons. Hence how the partons form hadrons needs to be studied.
The formation of hadrons from partons is a long distance phenomena where the renormalized pQCD is not applicable but the renormalzied non-perturbative QCD is applicable.
However, the analytical method to study the renormalized non-perturbative QCD is not known. Hence we depend on the numerical lattice QCD method to study the confinement of partons inside the hadron within the renormalized QCD.
At high energy colliders we can apply the renormalized pQCD method to calculate the partonic level cross sectionσ for the high momentum transfer partonic level scattering processes because the coupling becomes small at high momentum transfer. Using the factorization theorem [3] [4] [5] the partonic level cross sectionσ is folded with the non-perturbative parton distribution functions inside the hadron and non-perturbative parton to hadron fragmentation functions to calculate the hadron production cross section σ at the high energy colliders which is experimentally measured.
Since the parton distribution function inside the hadron and the parton to hadron fragmentation function are non-perturbative quantities in the renormalized QCD they have not been studied analytically and hence we (indirectly) extract them from the experiments. The quark, antiquark and gluon distribution functions q(ζ, Q 2 ),q(ζ, Q 2 ) and g(ζ, Q 2 ) inside the hadron H are measured at some momentum transfer scale Q 0 and then evolved to another momentum transfer scale Q by using DGLAP equation [6] where ζ is the momentum fraction of the parton with respect to the hadron. Although the range of ζ goes from 0 to 1 but the experiments do not measure the parton distribution functions at all values of ζ. For the hadron with momentum p H at high energy colliders the momentum sum rule in QCD predicts that the sum of the momentum of all the partons inside the hadron is equal to the momentum p H of the hadron. The momentum sum rule in QCD at high energy colliders is mathematically expressed as [10, 11] 
where q , q , g means sum over all the quarks, antiquarks and gluons inside the hadron H. The momentum <p q > of a quark, <pq > of an antiquark and <p g > of a gluon inside the hadron are given by
wherep is the momentum operator and the expectation value inside the hadron H with the color singlet (physical) state |H > is defined by <p >=< H|p|H > .
Since p H is the momentum of the hadron at high energy colliders, the momentum sum rule in eq. (1) in QCD at high energy colliders can be written as
where the momentum <p q > of a quark, <pq > of an antiquark and <p g > of a gluon inside the hadron are given by eq. (2).
Hence the momentum sum rule in QCD at high energy colliders as given by eq. (4) states that the sum of the momentum of all the partons inside the hadron is equal to the momentum of the hadron at the high energy colliders. This, however, is not true which we will show in this paper because the quarks, antiquarks and gluons in QCD are confined inside the hadron and the hadron has finite size.
We find in this paper that if the confinement potential energy at large distance r rises linearly with r (or faster) then the momentum sum rule in QCD at high energy colliders as given by eq. (4) is violated if the hadron size is infinite. Similarly we find that if the hadron size is finite then the momentum sum rule in QCD at high energy colliders as given by eq.
(4) is violated for any form of the confinement potential energy.
If one considers the hadron size as infinite and if the confinement potential energy at large distance r rises linearly with r (or faster) then we find in this paper that
which does not agree with eq. (4) We will provide a derivation of eq. (5) in this paper.
The paper is organized as follows. In section II we briefly review the conservation of momentum and the vanishing momentum flux in the Dirac-Maxwell theory. In section III we discuss the non-perturbative QCD at long distance and the classical Yang-Mills theory.
In section IV we find that if the confinement potential energy at large distance r rises linearly with r (or faster) then the momentum sum rule in QCD at high energy colliders as given by eq. (4) is violated if the hadron size is infinite. In section V we discuss the momentum sum rule violation for parton distributions of color singlet hadron. In section VI we find that if the hadron size is finite then the momentum sum rule in QCD at high energy colliders as given by eq. (4) is violated for any form of the confinement potential energy. Section VII contains conclusions.
II. CONSERVATION OF MOMENTUM AND VANISHING MOMENTUM FLUX IN DIRAC-MAXWELL THEORY
Note that unlike QCD there is no confinement in QED. Hence in order to see the effect of confinement on momentum conservation in QCD it is useful to compare it with the momentum conservation in QED where there is no confinement. For this reason we will briefly review the vanishing momentum flux and the conservation of momentum in the Dirac-Maxwell theory in this section.
In gauge theory the conservation of gauge invariant momentum from the first principle can be described by using the gauge invariant Noether's theorem obtained by using Lorentz transformation plus local gauge transformation [12, 16] . From the continuity equation of the gauge invariant energy-momentum tensor obtained from the gauge invariant Noether's theorem in the Dirac-Maxwell theory we find [12] 
where ψ(x) is the Dirac field of the electron, E ( B) is the electric (magnetic) field and the gauge invariant momentum p EM of the electromagnetic field A ν (x) and the gauge invariant momentum of the electron are given by
For the boundary surface at infinity the A λ (t, r) decays like 1 r which means vanishing momentum flux in the Dirac-Maxwell theory
Using eq. (8) in (6) we find
which proves that the sum of the momentum of the field plus the particle is conserved in the Dirac-Maxwell theory if the entire infinite volume is considered.
III. NON-PERTURBATIVE QCD AT LONG DISTANCE AND THE CLASSICAL YANG-MILLS THEORY
Note that the QED is the quantum theory of the classical electrodynamics. Similarly the QCD is the quantum theory of the classical Yang-Mills theory. If the boundary surface is at the finite distance then the boundary surface term is not zero both in QED and in QCD.
In the previous section we saw that if the boundary surface is at infinite distance then the boundary surface term is zero in the Dirac-Maxwell theory. In order to study momentum conservation equation in QCD we need to know if the boundary surface term at infinite distance is zero or non-zero in QCD if one takes the hadron size as infinite. Note that in reality the size of the hadron is finite where the boundary surface term is non-zero which violate the momentum sum rule in QCD at high energy colliders for any form of the confinement potential energy (see section VI for more details).
The infinite distance is a long distance in QCD where the renormalized pQCD is not applicable but the renormalized non-perturbative QCD is applicable. In order to know how the fields behave at long distance in renormalized QCD we need to solve the renormalized non-perturbative QCD. However, we do not know the analytical method to study the renormalized non-perturbative QCD at long distance and the lattice QCD has not studied these boundary surface terms at the large distances.
The QED becomes non-perturbative at short distance and the renormalized QCD be- We have seen earlier in this section that as far as the boundary surface at infinite distance is concerned the QED at long distance predicts the Coulomb potential which is the same potential predicted by the classical Maxwell theory. Since the Yang-Mills theory is obtained by making analogy with the Maxwell theory by extending U(1) gauge group to SU(3) gauge group [13] [14] [15] we find that as far as the boundary surface at infinite distance is concerned the renormalized non-perturbative QCD at infinite distance predicts the same potential that is predicted by the classical Yang-Mills theory. Hence we find that as far as the boundary surface at infinity is concerned a non-vanishing boundary surface term in the classical Yang-Mills theory means a corresponding non-vanishing boundary surface term in the renormalized non-perturbative QCD at infinite distance.
IV. MOMENTUM SUM RULE VIOLATION IN QCD AT HIGH ENERGY COL-LIDERS
The electric charge e of the electron is constant in the classical Maxwell theory but the fundamental color charge q c (t) of the quark is time dependent in the classical Yang-Mills theory where c = 1, 2, ..., 8 is the color index [15] . The form of the Yang-Mills potential (the color potential) A c ν (x) produced by the color charge q c (t) of the quark in the classical Yang-Mills theory is given in [14] which is different from the form
For a system containing quarks plus antiquarks plus the Yang-Mills potential A c ν (x) we find from the gauge invariant Noether's theorem in the Yang-Mills theory [16] 
where A 
. (11) Note that since the isolated quarks and/or antiquarks are not observed but the quarks and/or antiquarks are confined inside the hadron, whenever we say color field produced by quarks/antiquarks we mean the color field produced by quarks/antquarks inside the hadron.
Since we have not observed color outside the hadron there is no color field outside the hadron in our study (see section VI for more details).
Due to confinement the color potential A c ν (t, r) can not decay faster than r −1/2 in the Yang-Mills theory or the chromo-electric field E c (t, r) can not decay faster than r −3/2 [17] .
Since the chromo-electric field energy density
can not decay faster than r −3 due to confinement the potential energy can not rise slower than ln(r). This form of the potential energy is consistent with the fact that the form of the color potential produced by a quark in the classical Yang-Mills theory is not of the Coulomb form If the potential energy rises linearly (or faster) with distance r then the chromo-electric field E c (t, r) can not decay faster than r −1 which means the non-vanishing boundary surface term
at infinite distance. From eqs. (12) and (10) we find
where the momentum flux p flux is given by
In eq. (14) Hence extending eq. (13) from the classical Yang-Mills theory to QCD to study the momentum conservation equation of partons inside the hadron we find
where the expectation < ... > is defined in eq. (3) and the hat means corresponding operator obtained from the classical Yang-Mills theory by replacing ψ j ,ψ j , A →ψ j ,ψ j ,Q where
is the (quantum) gluon field. Since we use A for the background field to prove factorization and renormalization in QCD at all orders in coupling constant at high energy colliders [4] , we have used the notationQ for the (quantum) gluon field. Note that the nonperturbative fieldsψ j ,ψ j ,Q in this study are the renormalized fields in the renormalized QCD.
As we saw in section III since the Yang-Mills theory is obtained by making analogy with the Maxwell theory by extending U(1) gauge group to SU(3) gauge group [13] [14] [15] we find that as far as the boundary surface at infinite distance is concerned the renormalized nonperturbative QCD at infinite distance predicts the same potential that is predicted by the classical Yang-Mills theory. Hence we find that as far as the boundary surface at infinite distance is concerned a non-vanishing boundary surface term in the classical Yang-Mills theory means a corresponding non-vanishing boundary surface term in the renormalized non-perturbative QCD at infinite distance. The boundary surface term at infinite distance in eq. (14) in the classical Yang-Mills theory gives non-zero momentum flux p flux = 0. Hence we find that the corresponding boundary surface term at infinite distance in the renormalized non-perturbative QCD gives non-zero momentum flux
For explicit expression ofˆ p flux in terms of quantum fieldsψ j ,ψ j ,Q in QCD see eq. (19).
From eq. (15) and (16) we find
which reproduces (5).
V. MOMENTUM SUM RULE VIOLATION FOR PARTON DISTRIBUTIONS OF COLOR SINGLET HADRON
As mentioned in the introduction the hadron state |H > is a color singlet state. Hence one might think that that the confinement cannot violate the momentum sum rule for the parton distributions of color singlet hadrons. This is not true which can be seen as follows.
From eq. (15) we find that the explicit expressions of <ˆ p q >, <ˆ p g > and <p i flux > in QCD inside the color singlet hadron H are given by
and
where |H > is the color singlet (physical) hadron state. Note that in eqs. (18) and (19) thê (16) that the boundary surface term <p i flux > in QCD is non-zero irrespective of whether the size of the hadron is finite or infinite.
The non-zero value of <p i flux > in eq. (19) has to be calculated by using non-perturbative QCD similar to the non-zero values of <ˆ p g > and <ˆ p q > in eq. (18) which have to be calculated by using non-perturbative QCD.
Although we have considered the infinite size of the hadron in eq. (16) to demonstrate that, unlike QED where the boundary surface term vanishes at infinite distance, the boundary surface term in QCD does not vanish at infinite distance. But in reality the size of the hadron is finite which means, as discussed above, the boundary surface is at finite dis-tance and hence the boundary surface term at finite distance is non-zero for any form of the confinement potential energy. Hence we find that the momentum sum rule in QCD at high energy colliders obtained from the first principle as given by eq. (17) must include the non-zero boundary surface term <p flux > if one wants to describe the hadron from quarks and gluons and if one uses the QCD as the fundamental theory of the nature describing the interaction between quarks and gluons.
VII. CONCLUSIONS
Momentum sum rule in QCD is widely used at high energy colliders. Although the exact form of the confinement potential energy is not known but the confinement potential energy at large distance r can not rise slower than ln(r). In this paper we have found that if the confinement potential energy at large distance r rises linearly with r (or faster) then the momentum sum rule in QCD is violated at the high energy colliders if we consider the hadron size as infinite. For finite size hadron we have found that the momentum sum rule in QCD is violated at the high energy colliders for any form of the confinement potential energy.
